The response behavior of the single-degree-of-freedom ͑SDOF͒ nonlinear structural system subjected to narrowband stochastic excitations studied in Part I is investigated via simulations to verify the stochastic system characteristics assumed in the development of the semianalytical method. In addition, to demonstrate the accuracy of the method, predicted response-amplitude probability distributions are presented and compared to simulation results. Numerical simulations are conducted by directly integrating the SDOF system with the narrowband excitation modeled by the 1971 Shinozuka formulation. It is observed that the proposed semianalytical method is capable of accurately characterizing the stochastic response behavior of the nonlinear system by predicting the response-amplitude probability distribution and capturing the trends of variations in the response-amplitude statistical properties. In both the primary and the subharmonic resonance regions, good agreements between the response-amplitude probability distributions predicted by the semianalytical method and obtained from simulation results are observed both qualitatively and quantitatively. In addition, trends of the variations in the probability masses associated with the modes with variations in excitation parameters ͑bandwidth and variance͒ are captured.
Introduction
The response of a nonlinear oscillator under narrowband random excitation exhibits complex behavior including amplitude jump phenomena ͑global bifurcation͒, subharmonic response, superharmonic response, and even chaotic response ͑Nayfeh and Mook 1979; Guckenheimer and Holmes 1986͒. Knowledge of the behavior of a nonlinear oscillator can be utilized in various design application areas including structural, mechanical, and aerospace engineering, etc. To analyze these complex response behaviors, a semianalytical methodology is developed in Part I ͑Yim et al. 2006͒ based on the understanding of the nonlinear system response characteristics under deterministic excitations and the assumptions of a narrowband stochastic excitation. In addition, both the excitation-amplitude and the responseamplitude processes are approximated as stationary Markov processes. The attraction-domain transitions are modeled as a stationary Markov chain.
The formulation of the governing probability transition matrix developed in Part I is directly related to the excitation bandwidth and variance, as well as the amplitude jump phenomena of the nonlinear system. The probability of the system response being in an attraction domain can be obtained by solving the eigenvector of the probability transition matrix corresponding to the unit eigenvalue.
The governing equation for the response-amplitude perturbation probability within the response-amplitude domains corresponding to two excitation amplitudes is also formulated based on the Markov approximation. The transition probability density function depends on the system transient-state response characteristics as well as the excitation bandwidth and variance.
In this companion ͑Part II͒ study, the verification and calibration of the prediction capability of the semianalytical method developed and the numerical simulations based on Shinozuka ͑1971͒ and Shinozuka and Deodatis ͑1991͒ presented in Part I are conducted and compared with predictions from the proposed analysis method. The influences of varying excitation bandwidth and variance parameters on the response behavior are investigated. Furthermore, comparisons of the accuracy of prediction results by the proposed semianalytical method and two existing analytical methods, namely, stochastic averaging method ͑Roberts and Spanos 1986͒ and quasi-harmonic method ͑Lin and Yim 1997͒, are conducted against simulation histograms.
Stochastic Response Behavior
Jump Phenomenon "Global Bifurcation…
The system response under a narrowband excitation exhibits amplitude jumps between two distinct levels as shown in Fig. 1 . To depict the mechanism of this global bifurcation behavior, an
amplitude-response map is employed. The map is obtained by plotting the excitation amplitudes versus the corresponding measured response amplitudes, as shown in Fig. 2 . In addition, the corresponding analytical response-amplitude curves of the system are presented as solid lines, in Fig. 2 . It is revealed that the characteristics of the deterministic response attraction-domain transition behavior depicted in Part I is preserved under a narrowband excitation environment. Namely, the system response goes from the large-amplitude domain to the small-amplitude domain when the excitation amplitude varies from a value greater than to a value less than the large-amplitude domain lower boundary.
Subharmonic Responses
An examination of the details of response time series ͑e.g., Fig. 1͒ reveals the repeated occurrence of 1/2 and 1/3 subharmonic responses under narrowband excitations. For the system with parameters given in Fig. 1 , the system response oscillates at two distinct amplitude levels. These subharmonic responses are often difficult to identify due to overlapping of the different response amplitude domains among the small amplitude, 1/2 and 1/3 subharmonic domains. However, the existence of these responses can be identified relatively clearly in the associated amplitude response maps ͑e.g., Fig. 2͒ by observing the significant number of points located along the analytical subharmonic amplituderesponse curves ͑shown as the solid lines͒.
From the response-amplitude maps, it is observed that the system response may enter the 1/2 or the 1/3 subharmonic domain when an exit from the large amplitude harmonic domain occurs. As a result, the subharmonic responses may occur repeatedly, although the duration of stay in each visit of the system response in these domains may be relatively short. Note that the existence of the 1/3 subharmonic response under narrowband excitation was also observed in simulations conducted in previous studies ͑Davies and Nandall 1986; Davies and Rajan 1988; Rajan and Davies 1988; Davies and Liu 1990; Francescutto 1991͒ when an extremely small excitation bandwidth parameter and special system initial conditions are employed. However, it was concluded that the 1/3 subharmonic response only exists in the beginning of a response realization, and once it disappears, it would not be observed again. The contradiction in the observation of repeated occurrence of the subharmonic response in this study and the predictions in the literature may be due to different simulation durations employed. In this study, the simulation duration is on the order of 12,000 excitation cycles, significantly longer than the 600 cycles employed in previous studies.
Frequency of Occurrence
Stochastic system response characteristics, including transition among various attraction domains ͑global bifurcation͒ and fre- quency of occurrence can be observed in the time histories and response-amplitude maps. The frequencies of occurrence in these maps are found to be attraction-domain dependent. As indicated in Figs. 1 and 2, the frequencies of occurrence are relatively high for both large and small amplitude harmonic responses, and low for the 1/2 and 1/3 subharmonic responses. Note that the randomness in the excitation is independent of the attraction domain. This indicates the dependency of the response-amplitude perturbation behavior on the system characteristics and the attraction domains.
Effect of Varying Excitation Bandwidth
The effects of varying the degree of randomness of the excitation ͑i.e., excitation bandwidth͒ on the response behavior are demon- Fig. 3 . As the degree of randomness in the excitation increases ͑increasing excitation bandwidth parameter ␥͒, the response time series exhibits more frequent amplitude jumps among attraction domains. In addition, the total times of the response in large-amplitude primary resonance also increases. Consequently, the attraction-domain transition probability and the responseamplitude perturbation probability density functions ͑PDF͒ are related to the excitation bandwidth. As shown in the corresponding response-amplitude maps ͑Fig. 4͒, increasing excitation randomness also results in spreading of the response-amplitude distribution around the deterministic analytical responseamplitude curves.
Effect of Varying Excitation Intensity
By reducing the variance of the excitation process, the total time of the system response in the small-amplitude primary-resonance domain increases as shown in Fig. 5 . The excitation bandwidth parameter employed is fixed in these cases, and thus the degree of randomness in the excitation shows no significant change. Consequently, the frequency of the response-amplitude jumps is approximately unchanged. However, the system response remains longer in the lower-amplitude primary-resonance domain in every visit with decreasing excitation variance. That is, the probability of the system response in the lower-amplitude primary-resonance domain increases as the excitation intensity ͑variance͒ decreases. Therefore, the response attraction-domain transition probability is affected by the excitation intensity. Note that in the responseamplitude maps shown in Fig. 6 , the density of the points in the lower part increase as the excitation intensity decreases. Variations in the density of the response-amplitude maps also demonstrate the influence of varying excitation variance on the system response.
Predictions of Stochastic System Response Behavior
To verify the prediction capability of the proposed semianalytical method in characterizing the stochastic system response behavior in the primary and subharmonic resonance regions described above, analytical prediction of the system response in five cases, ͑i͒-͑v͒, with various excitation parameter sets ͑see Table 1͒ are presented and compared to simulation results.
The system damping parameter, c s , and the linear and nonlinear restoring force parameter, a 1 and a 3 , respectively, are held constant for these cases. To isolate the effects of varying the degree of excitation randomness on the response behavior, the excitation bandwidth parameter ␥ is increased from cases ͑i͒ to ͑iv͒, while the excitation intensity ͑variance͒ is fixed.
Effects of Varying Excitation Randomness on Attraction-Domain Transition
The system response behavior under increasing degree of excitation randomness ͑i.e., increasing bandwidth parameter ␥͒, with constant excitation intensity, f 2 , is investigated in cases ͑i͒-͑iv͒. For these four cases, the normalized parameters Ј = ͉ ͉ / f 2 and Ј = ͉ ͉ / f 2 , the attraction-domain probability transition matrices K, and the normalized eigenvectors corresponding to the Table 2 . Note that Ј and Ј are the normalized autocorrelation and cross-correlation, respectively, of the cosine and sine components of the excitation envelop process with a time lag equal to the central excitation period ͑Ochi 1990͒.
It is observed that the autocorrelation Ј decreases and crosscorrelation Ј increases as the excitation bandwidth parameter ␥ increases. Thus, the randomness in the processes of excitation amplitude cosine and sine components is increased as expected. As a result, the randomness in the excitation amplitude and phase angle increases with the excitation bandwidth. Therefore, the dependency of the stochastic behavior of the excitation parameters on ␥ is confirmed.
In the attraction-domain transition matrix K, as the excitation randomness parameter ␥ increases, the decreasing values of diagonal elements indicate increasing probability of the response exiting the current attraction domain. The off-diagonal elements, except for the zero entries and p͑4 ͉ 1͒, are increasing, albeit at different rates with increasing degree of excitation randomness. That is, the probability that an attraction domain becomes the Table  2 , the probability of the response being in the large-amplitude primary resonance domain p͑D 1 ͒, increases with increasing bandwidth parameter ␥, whereas the probability that the responses are at the lower response amplitude level ͑i.e., either in the smallamplitude harmonic, the 1/2 subharmonic, or the 1/3 subharmonic domains͒ decreases as ␥ increases. Thus, the trends of variation in the p͑D d ͒ observed in Table 2 agree with the stochastic response behavior described earlier. Hence, the validity of the proposed method in analyzing the response behavior under varying bandwidth parameter ␥ is also confirmed in the small-amplitude and subharmonic resonance regions.
Effects of Varying Excitation Randomness on Response-Amplitude Variance
To investigate the influence of varying excitation randomness on the response-amplitude variance, the variances Table 3 . Observe that the predicted d 2 ͑d =1,2,3,4͒ increases with increasing excitation bandwidth parameter ␥ in all four coexisting attraction domains, which is consistent with the response behavior observed earlier in Fig. 3 . In addition, d 2 ͑d =1,2,3,4͒ varies with attraction domains, reflecting the domain dependency of the system response characteristics. Therefore, the predicted trends of the response-amplitude variance of the nonlinear system under varying excitation bandwidth parameter ␥ by the proposed semianalytical method are also validated.
Effects of Varying Excitation Intensity on Attraction-Domain Transition
The effects of varying excitation intensity ͑i.e., variance f 2 ͒ on the system response behavior are investigated in cases ͑iii͒ and ͑v͒. For these two cases, the value of normalized parameter Ј and Ј ͑auto-and cross-correlation coefficients͒, the attractiondomain transition probability matrices K, and the normalized eigenvectors corresponding to the unit eigenvalues are listed in Table 4 . As shown in Table 4 , little changes in the values of Ј and Ј are observed when the excitation variance f 2 decreases from cases ͑iii͒ to ͑v͒. Thus, the randomness in the excitation is not significantly affected by the variations in the excitation intensity but the behavior of the excitation amplitude still depends on the excitation variance. In the transition matrices K, the complexity of the transition behavior is reflected by the variations in the off-diagonal elements. Under complex response attractiondomain transitions ͑global bifurcation͒, the trends of variations in the probabilities of the response in the higher and lower amplitude levels, respectively, is still accurately predicted as shown in the last column of Table 4 . That is, p͑D 1 ͒ decreases but ⌺p͑D i ͒ ͑i =2,3,4͒ increases with decreasing excitation variance f 2 . This result agrees with the response characteristics observed in the previous section.
Effects of Varying Excitation Randomness on Response-Amplitude Distribution
As the degree of excitation randomness ͑i.e., bandwidth parameter ␥͒ increases from cases ͑i͒ to ͑iv͒, Fig. 7 shows that the response-amplitude probability mass in the higher level increases in accordance with the response behavior observed earlier. In case ͑iv͒, although the simulations appear to show only a single mode located in the higher amplitude level in the probability distribution, the long tail of the distribution in the lower amplitude level indicates the existence of a less obvious mode in that region. The less consistent match in the results of case ͑iv͒ in the lower amplitude level is probably due to insufficient samples in that region. The comparisons of predictions with simulations for cases ͑i͒, ͑ii͒, ͑iii͒, and ͑iv͒ are shown in Fig. 8 . Observe that the semianalytical method predicts well the stochastic dependency of the small-and large-amplitude responses on excitation bandwidth parameter ␥.
Effects of Varying Excitation Intensity on Response-Amplitude Distribution
As the excitation variance, f 2 , decreases from cases ͑iii͒ to ͑v͒, Fig. 9 shows that the response-amplitude probability mass in the higher level decreases in accordance with the response behavior described earlier. By the proposed semianalytical method, the same trend of variations in the response amplitude probability distribution due to changes in excitation variance is captured as shown in Fig. 9 .
Comparisons with Existing Analytical Methods

Stochastic Averaging Method
According to Rajan and Davies ͑1988͒; Davies and Liu ͑1990͒; and Koliopulos and Bishop ͑1993͒, the suggested form of the response-amplitude probability distribution can be expressed as 
where Rϭresponse amplitude; c s , a 1 , and a 3 ϭstructural damping, linear stiffness, and nonlinear stiffness coefficients, respectively; and as previously defined, ␥, f , and f 2 ϭexcitation bandwidth parameter, central frequency, and variance, respectively. 
͑3͒
where the scaled parameters y, ␦, and are defined in Eq. ͑2͒. The response-amplitude probability distribution can be obtained by a probability transformation rule between the random variable and y through the functional relationship defined in Eq. ͑3͒ ͑Ochi 1990͒. The PDF of is obtained as ͑Koliopulos and Bishop 1993͒
͑4͒
Since Eq. ͑3͒ is a third-degree polynomial equation, for a given , there may exist three real solutions, with the smallest and the largest magnitudes correspond to the coexisting stable ͑physi-cally observable͒ small and large amplitude steady-state responses. The real intermediate magnitude solution, associated with the unstable steady-state response, is physically unrealizable. In this case, the probability mass associated with will be transferred and distributed to the smallest and the largest values of y, respectively, by a ratio determined by the following equation ͑Dimentberg 1971 ͑Dimentberg , 1988 Koliopulos et al. 1991; Koliopulos and Bishop 1993; Koliopulos and Langley 1993͒ = Eiͩ max
where max and min ϭrespective upper and lower bounds of , which corresponds to multiple solutions of Eq. ͑1͒.
Comparisons of Analytical Predictions and Simulation Results
The prediction capabilities of the proposed semianalytical method developed earlier and the stochastic averaging method presented In particular, the response-amplitude probability distributions predicted by these methods for two specific excitation bandwidths selected by Koliopulos and Bishop ͑1993͒ are compared. In both cases, ͑a͒ and ͑b͒, the system and the excitation parameters are: ͑c s = 0.16, a 1 =1, a 3 = 0.3, f =2, ␥ = 0.01, f 2 = 3.05͒, whereas, the excitation bandwidth parameter are ␥ = 0.02, and 0.08, respectively. Note that corresponding to these system and excitation parameters, the scaled parameters employed in the stochastic averaging and the quasi-harmonic methods are ͓ =2, ␦ = 0.08, = ␥ / ͑2 ͱ a1͒ = 0.01, = 0.91͔ and ͑ =2, ␦ = 0.08, = 0.04, = 0.91͒, respectively.
Prediction results of the semianalytical, stochastic, averaging, and quasi-harmonic methods are shown in Fig. 10͑a͒ for case ͑a͒ and Fig. 10͑b͒ for case ͑b͒. Comparisons are also made with the response amplitude histogram obtained from simulations conducted through the method described earlier. Observe that among the analytical prediction methods, the one proposed in this study agrees best with simulation results.
Concluding Remarks
Based on the results of this study, the following concluding remarks are offered: The proposed semianalytical method is capable of accurately characterizing the stochastic response behavior of the nonlinear system subject to narrowband excitations by predicting the response-amplitude probability distribution and capturing the trends of variations in the response-amplitude statistical properties. In both the primary and the subharmonic resonance regions, good agreements between the response-amplitude probability distributions predicted by the semianalytical method and obtained from simulation results are observed both qualitatively and quantitatively. In addition, trends of the variations in the probability masses associated with the modes with variations in excitation parameters ͑bandwidth and variance͒ are captured. The analysis of the response behavior under narrowband excitations has been successfully extended to the primary and subharmonic resonance regions. In previous studies, analytical methods can only predict the response behavior in the primary resonance region where only two attraction domains coexist. In this study, we have demonstrated the capability of the proposed semianalytical method in predicting more complex response behavior in the primary and subharmonic resonance regions where four attraction domains coexist.
A significant improvement in the accuracy of predicting response amplitude probability distributions is achieved by the proposed semianalytical method. This is because the stochastic nonlinear response behavior under narrowband excitation is accurately characterized by the semianalytical method through modeling the response attraction-domain transition and responseamplitude perturbations.
